We use Møller's energy-momentum complex in order to explicitly compute the energy and momentum density distributions for an exact solution of Einstein's field equations with a negative cosmological constant minimally coupled to a static massless scalar field in a static, spherically symmetric background in (2 + 1)-dimensions.
Introduction
be found".
Based on the above works and conclusions we have decided to use Møller's energymomentum complex for evaluating the energy distribution of an exact solution for a static massless scalar field minimally coupled to gravity in (2 + 1) dimensions.
Consequently, in this work we have implemented Møller's formalism to calculate the energy distribution for a geometry given recently by Daghan and Bilge [17] . They used a series of transformations to reduce to second order the system of differential equations for the Einstein's field equations with a negative cosmological constant, minimally coupled to a massless scalar field in a static, spherically symmetric background in (2+1)-dimensions. In this way, the authors obtained an exact solution in a form that generalizes the AdS metric as given by Matschull [18] . Throughout we use geometrized units, i.e. c = G = 1, while g µν has the signature (−, +, +), Greek indices run from 0 to 2 and Latin indices run over the spatial coordinate values. The rest of the paper is organized as follows. In Sec.2 we give a short review of the concept of energy-momentum complexes and present Møller's prescription. In Sec.3 we briefly present the (2 + 1)-dimensional, spherically symmetric background used, while in Sec.4 we explicitly compute the energy and momentum density distributions of the Einstein-Klein-Gordon system using Møller's energy-momentum complex. Finally, in Sec.5 a discussion of the obtained results and some concluding remarks are given.
Energy-Momentum Complexes and Møller's Prescription
The conservation laws of energy and momentum for an isolated, i.e., no external force is acting on the system, physical system in the Theory of Special Relativity are expressed by a set of differential equations. Defining T µ ν as the symmetric energy-momentum tensor of matter and of all non-gravitational fields, the conservation laws are given by
where 2.2) are the energy density, the energy current density, and the momentum density, respectively. Making the transition from Special to General Theory of Relativity, one adopts a simplicity principle which is called principle of minimal gravitational coupling. As a result, the conservation equation is now written as
where g is the determinant of the metric tensor g µν (x). The conservation equation may also be written as 4) where
is a non-tensorial object. For ν = t this means that the matter energy is not a conserved quantity for the physical system 3 . From a physical point of view, this lack of energy conservation can be understood as the possibility of transforming matter energy into gravitational energy and vice versa. However, this remains an open problem and it is widely believed that in order to solve it one has to take into account the gravitational energy.
By a well-known procedure, the non-tensorial object ξ ν can be written as 6) where ϑ µ ν are certain functions of the metric tensor and its first order derivatives. Therefore, the energy-momentum tensor of matter T µ ν is replaced by the expression
which is called energy-momentum complex since it is a combination of the tensor T µ ν and a pseudotensor ϑ µ ν describing the energy and momentum of the gravitational field. The energy-momentum complex satisfies a conservation law in the ordinary sense, i.e.,
and it can be written as θ 9) where χ µλ ν are called superpotentials and are functions of the metric tensor and its first order derivatives.
It is evident that the energy-momentum complex is not uniquely determined by the condition that its usual divergence is zero since a quantity with an identically vanishing divergence can always be added to the energy-momentum complex.
The energy-momentum complex of Møller in a four-dimensional background is given as [6] 11) with the antisymmetric property
It is easily seen that Møller's energy-momentum complex satisfies the local conservation equation ∂J µ ν ∂x µ = 0, (2.13) where J 0 0 is the energy density and J 0 i are the momentum density components. Thus, in Møller's prescription the energy and momentum for a four-dimensional background are given by
Specifically the energy of the physical system in a four-dimensional background is
It should be noted that the calculations are not anymore restricted to quasi-Cartesian coordinates but can be utilized in any coordinate system.
The line element of a three-dimensional static, spherically symmetric, Lorentzian spacetime is given as 1) in (t, r, θ) coordinates. Einstein's field equations with a cosmological constant Λ are
where
is the energy-momentum tensor of a massless scalar field Φ [19] satisfying the wave equation:
The above wave equation of the Klein-Gordon type can be integrated giving for the first derivative of the static scalar field φ: 5) where λ is an integration constant. By using a series of transformations and taking Λ = −1, Daghan and Bilge [17] managed to solve analytically the above Einstein-KleinGordon system of differenial equations for f (r), h(r) and φ and obtained the following form for the line element:
where χ,t,θ are defined through the following transformations: ϕ ∈ (0, π/2) and it can be seen that for ϕ = π/2 a curvature singularity arises. Furthermore, ϕ is related to f (r) and h(r) through 3.12) and ρ 0 is an integration constant too. It should be noted, that for λ = 0 and c = 1 one gets the three-dimensional AntideSitter solution given by Matschull in [18] .
Energy and Momentum Density Distributions
We first have to evaluate the superpotentials in the context of Møller's prescription for the spacetime described by the line element (3.6) . There are four non-zero independent superpotentials:
Substitution of the above superpotentials into eq.(2.10) yields the energy density distri-
where K is an integration constant, while the momentum density distributions obtained are J Replacing equations (4.3-4.4) into eq. (2.14) yields a zero momentum, while by substituting eq.(4.2) into eq.(2.15), we get the energy of a massless scalar field contained in a "sphere" of radius X for the three-dimensional spacetime described by the line element(3.6)
This is also the energy of the gravitational field that the scalar field experiences at a finite distance X . Thus, the energy given by equation (4.5) is also called effective gravitational mass (E = M eff ) of the spacetime under study. The energy content of an infinitely large "sphere" is infinite, as it is also evident from Figure 1 . As we pointed out previously, the subject of the localization of energy continues to be open, since Einstein, in his theory of special relativity, declared that mass is equivalent to energy. Misner et al. [20] concluded that the energy is localizable only for spherical systems. On the other hand, Cooperstock and Sarracino [21] demonstrated that if the energy is localizable in spherical systems then it is also localizable in any spacetime. Now, concerning the use of several energy-momentum complexes for the localization of energy and momentum, we remark that although it has many adepts, there has also been a great deal of critisism related to the use of such prescriptions. The main disadvantage of the energy-momentum complexes lies in that most of them restrict one to make calculations in quasi-Cartesian coordinates. Nevertheless, Møller's energy-momentum complex is the only one allowing calculations in any coordinate system.
In this work, we have explicitly calculated the energy and momentum density distributions associated with an exact solution of Einstein's field equations with a negative cosmological constant and minimally coupled to a static massless scalar field in a static, spherically symmetric, three-dimensional spacetime. The energy and momentum distributions are computed by use of Møller's energy-momentum complex.
A physically acceptable expression for the energy density distribution is obtained. The momentum density distributions for the used (2 + 1)-dimensional, static spherically symmetric background vanish. Additionally, the effective gravitational mass, i.e. the total energy, is explicitly evaluated for the specific gravitational background. We have shown that the energy distribution can be interpreted as the effective gravitational mass corresponding to the (2 + 1)-dimensional background. The parameter µ ∈ (0, 1) appearing in (4.5) expresses the strength of the coupled scalar field. One can see that for the special case µ = 1, the three-dimensional Anti-deSitter spacetime is obtained.
Furthermore, Møller's energy-momentum complex applied to this (2 + 1)-dimensional solution satisfies the local conservation equation (2.13) .
We point out that Møller's formalism provides physically satisfactory results for the aforementioned background. Finally, these results support Lessner's viewpoint [15] about the significance of Møller's energy-momentum complex as a powerful tool for the evaluation of the energy and momentum density distributions in a given geometry.
